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ON THE APPROXIMATION OF CONVEX BODIES BY
ELLIPSES WITH RESPECT TO THE SYMMETRIC
DIFFERENCE METRIC
JAIRO BOCHI
Abstract. Given a centrally symmetric convex body K Ă Rd and a positive
number λ, we consider, among all ellipsoids E Ă Rd of volume λ, those that
best approximate K with respect to the symmetric difference metric, or equiva-
lently that maximize the volume of EXK: these are the maximal intersection
(MI) ellipsoids introduced by Artstein-Avidan and Katzin. The question of
uniqueness of MI ellipsoids (under the obviously necessary assumption that λ
is between the volumes of the John and the Loewner ellipsoids of K) is open
in general. We provide a positive answer to this question in dimension d “ 2.
Therefore we obtain a continuous 1-parameter family of ellipses interpolating
between the John and the Loewner ellipses of K. In order to prove uniqueness,
we show that the area IKpEq of the intersection K XE is a strictly quasicon-
cave function of the ellipse E, with respect to the natural affine structure on
the set of ellipses of area λ. The proof relies on smoothening K, putting it in
general position, and obtaining uniform estimates for certain derivatives of the
function IKp¨q. Finally, we provide a characterization of maximal intersection
positions, that is, the situation where the MI ellipse of K is the unit disk,
under the assumption that the two boundaries are transverse.
1. Introduction
1.1. Convex bodies and approximation problems. The euclidian distance in-
duces the well-known Hausdorff metric on the set Sd of nonempty compact subsets
of Rd. Namely, dHauspK1,K2q is defined as the least ε ě 0 such that every point
in one of the sets Ki is within euclidian distance at most ε from some point in
the other set. By Blaschke selection theorem [8, p. 37], bounded subsets of Sd are
compact; in particular the metric space pSd, dHausq is complete and locally compact.
We are interested in the space Kd of convex bodies (i.e., compact convex sets
with nonempty interior), which is a locally closed subset of Sd. There are other
natural metrics on Kd that also induce the Hausdorff topology: see [19]. Among
these, we highlight the symmetric difference metric and the normalized symmetric
difference metric:
(1.1) dsympK1,K2q :“ |K1 M K2| , dnsympK1,K2q :“ |K1 M K2||K1 YK2|
where |¨| denotes volume (Lebesgue measure) in Rd. These two metrics make sense
in broader classes of sets and are known in Measure Theory as the Fre´chet–Nikodym
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2 JAIRO BOCHI
and the Marczewski–Steinhaus pseudometrics, respectively. Note that the metric
dHaus is preserved by the action euclidian isometries of R
d, while dsym is preserved
by volume-preserving affine transformations, and dnsym is preserved by all affine
transformations. In this paper we focus on the symmetric difference metric dsym.
There is a large body of literature on approximation of convex bodies by simpler
ones, as e.g. polyhedra: see the survey articles [10, 5]. Let us mention a few of
the most classical results. Given a plane convex body K P K2, for each n ě 3, let
P
p1q
n be an inscribed n-gon of maximal area, let P
p3q
n be a circumscribed n-gon of
minimal area, and let P
p2q
n be a convex n-gon that best approximates K with respect
to the symmetric difference metric. The approximation errors ε
piq
n :“ dsym
`
K,P
piq
n
˘
obviously tend to zero. Dowker [6] (see also [9, § II.3]) proved that the sequence
pεp1qn q is concave and the sequence pεp3qn q is convex, and Eggleston [7] proved that the
sequence pεp2qn q is also convex. On the other hand, L. Fejes To´th stated in his famous
book [9, p. 43] that if BK is sufficiently differentiable and positively curved then each
of these three sequences is asymptotic to cin
´2, for some explicitly defined constant
ci “ cipKq ą 0; curiously, pc1, c2, c3q is proportional to
`
1, 34 , 2
˘
. These formulas
were later proved by McClure and Vitale [17] for i “ 1 and 3, and by Ludwig [16]
for i “ 2. For higher-dimensional versions of these results, see [11, 10, 16].
Another class of “simple” convex bodies consists on ellipsoids. Let us note that
ellipsoids are the convex bodies that are worst approximable by polytopes: see [16,
Rem. 2].
It is well-known that every convex body K admits a unique inscribed ellipsoid JK
of maximal volume and a unique circumscribed ellipsoid LK of minimal volume;
they are called respectively the John ellipsoid and the Loewner ellipsoid of K.
Moreover, if K is centrally symmetric in the sense that K “ ´K, then so are the
ellipsoids JK and LK . See [3, Lecture 3] for proofs, [13] for historical information,
and [18, § 10.12] for other types of ellipsoids associated to a convex body.
Our original motivation comes from the following approximation problem posed
by W. Kuperberg [15]:
Question 1.1. If K is a plane convex body of area 1, and if E is an ellipse of area 1
that minimizes dsympK,Eq among all such ellipses, is E necessarily unique?
In this paper, we answer this question positively under the assumption that K is
centrally symmetric. Actually, we prove uniqueness of a family of a certain ellipses
that includes E and interpolates between the John and the Loewner ellipses, as
explained below.
1.2. Maximal intersection ellipsoids. Let Cd Ă Kd denote the set of centrally
symmetric d-dimensional convex bodies, where d ě 2. Following Artstein-Avidan
and Katzin [1], we say that an ellipsoid E Ă Rd is a maximal intersection (MI)
ellipsoid for K P Cd if among all ellipsoids with the same volume as E, it maximizes
the volume of E XK. In view of the relation
(1.2) dsympK,Eq “ |K|` |E|´ 2|K X E| ,
it is equivalent to say that E is an optimal approximation for K with respect to
the symmetric difference metric, among all ellipsoids of a fixed volume.
Immediate examples of MI ellipsoids are the John ellipsoid JK and the Loewner
ellipsoid LK . Furthermore, there are no other MI ellipsoids with volume |JK | or
|LK |. On other hand, if λ ą 0 is either smaller than |JK | or bigger than |LK | then
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K obviously admits infinitely many MI ellipsoids of volume λ. Artstein-Avidan and
Katzin [1] ask whether uniqueness of MI ellipsoids holds when λ is in the interesting
range |JK | ă λ ă |LK |. We provide a positive answer for this question in dimension
d “ 2:
Theorem 1.2. Let K Ă R2 be a centrally symmetric convex body, and let λ be
a number in the range |JK | ď λ ď |LK |. Then there exists a unique MI ellipse
MKpλq of area λ, and it is centrally symmetric.
In particular, taking λ “ |K|, we obtain the announced positive answer for
Question 1.1 in the centrally symmetric case.
As a simple consequence of uniqueness (using the Blaschke selection theorem),
the MI ellipse MKpλq provided by Theorem 1.2 depends continuously on both K
and λ, provided that |JK | ď λ ď |LK |. In particular, these MI ellipses continuously
interpolate between the John and Loewner ellipses.
As remarked in [1], every centrally symmetric convex body in Rd admits MI el-
lipsoids of any prescribed volume λ ą 0 that are centrally symmetric. In dimension
2, as an ingredient of the proof of Theorem 1.2, we need to establish the following:
Lemma 1.3. Let K Ă R2 be a centrally symmetric convex body, and let λ be a
number in the range |JK | ă λ ă |LK |. Then every MI ellipse of area λ for K is
centrally symmetric.
1.3. Quasiconcavity of the area function. Theorem 1.2 follows from a sharper
result. In order to state it, let us introduce some notation.
Given λ ą 0, let C2λ be the set of centrally symmetric bodies K P C2 that satisfy
|JK | ă λ ă |LK |. Note that C2λ is an open subset of C2. Consider the family of
ellipses of area pi whose axes are the x and y axes (together with the unit disk),
which we parameterize by t P R as follows:
(1.3) Et :“
 px, yq P R2 ; etx2 ` e´ty2 ď 1(.
For any K P C2, its intersection function is the function IK : RÑ R defined by:
(1.4) IKptq :“ |Et XK| .
Recall that a real function f defined on an interval J Ď R is called quasiconcave
if for every s, t, u P J ,
t0 ă t1 ă t2 ñ fpt1q ě mintfpt0q, fpt2qu ,
and is called strictly quasiconcave if the inequality on the right is always strict.
Our crucial technical result, whose proof occupies the bulk of this paper, is the
following:
Theorem 1.4. For every K P C2pi, the associated intersection function IK is strictly
quasiconcave.
If Lemma 1.3 and Theorem 1.4 are assumed, we can immediately deduce our
uniqueness result:
Proof of Theorem 1.2. Let K P C2. Since the John and Loewner ellipses are known
to be unique and centrally symmetric, it is sufficient to consider |JK | ă λ ă |LK |.
Applying an homothecy if necessary, we can assume that λ “ pi, so K P C2pi. As
remarked before, K admits at least one MI ellipse of area pi. Suppose there are two,
say E ‰ E1. By Lemma 1.3, these ellipses must be centrally symmetric. Applying
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an appropriate element of SLp2,Rq (i.e., a linear map of determinant 1), we can
assume that E and E1 are elements of the family (1.3). So the intersection function
IK attains its maximum at two distinct points, contradicting Theorem 1.4. This
proves uniqueness of the MI ellipse of area pi. 
Remark 1.5. The space H of centrally symmetric ellipses of area pi has a natural
affine structure, which is in fact equivalent to the affine structure of the hyperbolic
plane: see [4]. As a reformulation of Theorem 1.4, for every K P C2pi, the function
E P H ÞÑ |E XK| is strictly quasiconcave with respect to this affine structure.
In fact we will prove a more general version of Theorem 1.4: see Theorem 3.7
below.
1.4. Maximum intersection position. Let us say that a centrally symmetric
convex body K Ă Rd is in maximum intersection (MI) position if the euclidian
unit ball in Rd is a MI ellipsoid for K. Every centrally symmetric convex body
can be put in MI position by applying an appropriate invertible linear map, whose
determinant can be any prescribed non-zero number.
In Section 5 we will give a simple characterization of MI position in the plane
under a transversality hypothesis, which has the following interesting consequence:
Proposition 1.6. Let K Ă R2 is a compact convex centrally symmetric set whose
boundary BK is transverse to the unit circle S1. Then:
(a) if the intersection consists of 4 points then K cannot be in MI position;
(b) if the intersection consists of 8 points then K is in MI position if and only
if BK X S1 is invariant by a quarter turn (i.e., rotation of pi{2).
Fig. 1 shows an example of situation (b).
In Section 5 we also discuss the classical characterization of the John position
(that is, the situation when the John ellipsoid is round) and how it relates to MI
position.
1.5. Strategy of the proofs and organization of the paper. The proof of
Theorem 1.4 occupies Sections 2 and 3. In order to make this proof more digestible,
let us highlight the key ideas. We perform a local study of the function IKptq “
|KXEt|. It is essentially sufficient to consider a neighborhood of t “ 0. We initially
assume that the curve BK is smooth and crosses the unit circle S1 “ BE0 at finitely
many points, making nonzero angles. This transversality condition implies that
the function IK is of class C
2 on a neighborhood of 0; furthermore, there are
explicit formulas for the first two derivatives of IK at 0, with I
1
Kp0q depending on
the locations of the crossings between BK and S1, and I2Kp0q depending also on
the crossing angles: see Proposition 2.1. Another observation (Proposition 2.2) is
that we can allow certain types of “tame” tangencies between BK and S1 and the
function IKptq will still be C1 on a neighborhood of t “ 0, though I2p0q may fail to
exist. Then we reach the heart of the whole proof, Proposition 2.3, which essentially
says that if BK is transverse to S1 and I 1Kp0q “ 0 then IK is strictly concave around
0, that is, I2Kp0q ă 0. The proof of this key proposition relies on a lower bound (2.15)
for ´I2Kp0q which, like the formula for I 1Kp0q, depends only on the locations and not
on the angles of the crossings between BK and S1. A quick inspection of this bound
reveals that it has a strong tendency to be positive: for example, if each pair of
consecutive crossings is separated by a circle arc of length ă pi{2 then the bound is
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Figure 1. Example of a centrally symmetric body K in MI position; the unit
circle and the John and Loewner ellipses of K are also pictured. The curve
BK satisfies the equation 1.355x2 ´ 0.58xy ` 1.005y2 ´ 0.1264x4 ` 0.58x3y ´
1.041x2y2 ` 0.58xy3 ` 0.2236y4 “ 1. Apart from being centrally symmetric,
K has no other linear symmetries.
automatically positive. The actual proof of Proposition 2.3 is done by a case-by-case
analysis, which occupies Subsection 2.5. All estimates are explicit and ultimately we
obtain a positive lower bound for maxt|I 1Kp0q|,´I2Kp0qu that does not depend on K,
but only on the areas of K and KXE0. This uniformity with respect to K is crucial
for the second part of the proof of Theorem 1.4, presented in Section 3. There, we
argue that any convex body K P C2pi admits small perturbations K˜ with respect to
the symmetric difference metric that have the same area as K and are “regular”
in the following sense: the boundary BK˜ is smooth and transverse to all ellipses
BEt, except for a finite number of “tame” tangencies. Using the estimates obtained
previously, we conclude that the resulting function IK˜ is strictly quasiconcave in
a quantitative sense that is independent of the size of the perturbation. This
uniformity allows us to take a limit and conclude that IK is strictly quasiconcave
as well, therefore proving Theorem 1.4.
The paper has three additional short sections. In Section 4 we prove Lemma 1.3
and therefore conclude the proof of Theorem 1.2. In Section 5 we study MI po-
sitions. These two sections may be read independently from the previous ones,
except that we use Proposition 2.1 and Theorem 3.7. Finally, Section 6 discusses
possible extensions of our results.
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2. Derivatives of the intersection function under regularity
assumptions
2.1. Differentiability of the intersection function. Consider a pair of Jordan
curves Γ1, Γ2 in the plane. A point p of intersection between the curves is called:
‚ a crossing if each curve admits a C1 parameterization at a neighborhood
of p, and the pair of tangent vectors at p is linearly independent;
‚ a quadratic tangency if each curve admits a C2 parameterization at a neigh-
borhood of p, and these parametrized curves have a first- but not a second-
order contact at p.
We say that the curves Γ1, Γ2 are:
‚ transverse if every point of intersection is a crossing;
‚ quasitransverse if every point of intersection is either a crossing or a qua-
dratic tangency.
In either case, the number of intersections is finite.
Now consider a centrally symmetric convex body K Ă R2 whose boundary BK
is transverse to the unit circle BE0 “ S1. Then the two curves cross at 4n points.
If K P C2pi then necessarily n ě 1. We list the crossing points in counterclockwise
order as ζ1, . . . , ζ4n. Since K is centrally symmetric, we have ζj`2n “ ´ζj . Shifting
indices by 1 (mod 4n) if necessary, we assume that the following condition holds:
if the curve BK is traversed counterclockwise, then it exits the unit disk E0 at the
points ζj with j even, and enters it at the points ζj with j odd: see Fig. 2. Let
αj ą 0 denote the non-oriented angles of intersection; note that αj ă pi{2 since
K is centrally symmetric. Fix numbers ξ1 ă ξ2 ă ¨ ¨ ¨ ă ξ4n ă ξ1 ` 2pi such that
ζj “ pcos ξj , sin ξjq.
�K
α1α2
α4α3
ζ1ζ2
ζ4ζ3
�E0
Figure 2. Intersections between the curve BK and the circle BE0 “ S1.
Proposition 2.1. Let K Ă R2 be a centrally symmetric convex body whose bound-
ary BK is transverse to the unit circle BE0 and intersects it at 4n ą 0 points.
Let pξjq and pαjq be the crossing positions and angles as defined above. Then the
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intersection function I “ IK is C2 at a neighborhood of 0 and
I 1p0q “ 1
2
2nÿ
j“1
p´1qj sin 2ξj ,(2.1)
´I2p0q “ 1
4
2nÿ
j“1
„
p´1qj sin 4ξj ` 1` cos 4ξj
tanαj

.(2.2)
Proof. In polar coordinates pr, θq, the ellipse BEt has equation:
r2 “ 1
et cos2 θ ` e´t sin2 θ .
Similarly, the curve BK is represented by some equation r2 “ Gpθq, where G is a
positive function on the circle R{2piZ which satisfies Gpθ`piq “ Gpθq. Furthermore,
G´ 1 vanishes exactly on the points ξ1, . . . , ξ4n, is C1 on a neighborhood of these
points, and
(2.3) p´1qjG1pξjq ą 0
for each j.
Let fpθ, tq :“ Gpθq´1{pet cos2 θ`e´t sin2 θq. By the Implicit Function Theorem,
for t sufficiently close to 0, the function fp¨, tq vanishes on 4n points ξ1ptq, . . . , ξ4nptq;
moreover each function ξjp¨q is C1 and satisfies ξjp0q “ ξj and
ξ1jptq “ ´ ftpξjptq, tqfθpξjptq, tq .
Consider the function:
Aptq :“ dsympEt,Kq “ 1
2
ż 2pi
0
|fpθ, tq| dθ “
ż pi
0
|fpθ, tq|dθ .
Equivalently,
(2.4) Aptq “
2nÿ
j“1
p´1qj
ż ξj`1ptq
ξjptq
fpθ, tqdθ .
By Leibniz integral rule,
A1ptq “
2nÿ
j“1
p´1qj
«ż ξj`1ptq
ξjptq
ftpθ, tqdθ ` fpξj`1ptq, tqloooooomoooooon
0
ξ1j`1ptq ´ fpξjptq, tqloooomoooon
0
ξ1jptq
ff
,
(2.5)
A2ptq “
2nÿ
j“1
p´1qj
«ż ξj`1ptq
ξjptq
fttpθ, tqdθ ` ftpξj`1ptq, tqξ1j`1ptq ´ ftpξjptq, tqξ1jptq
ff
“
2nÿ
j“1
p´1qj
«ż ξj`1ptq
ξjptq
fttpθ, tqdθ ´ 2ftpξjptq, tqξ1jptq
ff
“
2nÿ
j“1
p´1qj
«ż ξj`1ptq
ξjptq
fttpθ, tqdθ ` 2rftpξjptq, tqs
2
fθpξjptq, tq
ff
.(2.6)
In particular, A is a C2 function on a neighborhood of 0. Since the functions A
and I are related by formula (1.2), I is also C2 on a neighborhood of 0.
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Now we consider t “ 0. A computation gives:
ftpθ, 0q “ cos 2θ and fttpθ, 0q “ ´ cos 4θ.
Plugging into (2.5),
I 1p0q “ ´1
2
A1p0q “ ´1
4
2nÿ
j“1
p´1qj“ sin 2ξj`1 ´ sin 2ξj‰ “ 1
2
2nÿ
j“1
p´1qj sin 2ξj ,
proving (2.1). Analogously, from (2.5) we obtain:
´I2p0q “ 1
2
A2p0q “ 1
2
2nÿ
j“1
p´1qj
„´ sin 4ξj`1 ` sin 4ξj
4
` 2 cos
2 2ξj
G1pξjq

“ 1
2
2nÿ
j“1
„ p´1qj sin 4ξj
2
` 1` cos 4ξj|G1pξjq|

,
where in the last step we have used (2.3). Since |G1pξjq| “ 2 tanαj , we obtain
formula (2.2). 
Proposition 2.2. Let K Ă R2 be a centrally symmetric convex body whose bound-
ary BK is quasitransverse to the unit circle S1 “ BE0. Suppose the points of
tangency are not p˘1{?2,˘1{?2q. Then the intersection function IK is C1 at a
neighborhood of 0.
Proof. Assume there is at least one tangency between BK and the unit circle BE0,
otherwise the proposition follows from Proposition 2.1. Fix numbers τ1 ă τ2 ă
¨ ¨ ¨ ă τ2` with τi`` “ τi ` pi such that the tangencies between occur at the points
pcos τi, sin τiq. By assumption, these tangencies are quadratic and do not occur at
the points p˘1{?2,˘1{?2q. Also fix small neighborhoods Vi “ pai, biq Q τi.
Define functions Gpθq and fpθ, tq as in the proof of Proposition 2.1, and note
that Gpθq “ 1` fpθ, 0q. These functions are continuous everywhere and are C2 if θ
is restricted to the set
Ť
i Vi and t is close to zero. Furthermore, for each i we have
Gpτiq “ 1, G1pτiq “ 0, and G2pτiq ‰ 0; the latter inequality expresses the fact that
each tangency is quadratic. Note also that ftpτi, 0q ‰ 0; indeed, along the proof of
Proposition 2.1 we computed ftpθ, 0q “ cos 2θ, and since the tangency points are
not p˘1{?2,˘1{?2q, we have cos 2τi ‰ 0.
We will show that the function Aptq :“ dsympEt,Kq is C1 on a neighborhood
of t “ 0; then it will follow from the relation (1.2) that IKptq is also C1 on a
neighborhood of t “ 0.
If there are no tangencies then Aptq is given by formula (2.4). In order to take
the tangencies into account, for each i we need to add a certain correction term
Ciptq to the formula. More precisely, let ςi P t`1,´1u be the sign of G on the
neighborhood Vi Q τi, in the sense that ςiG ě 0 there; then the correction term
Ciptq satisfies: ż bi
ai
|fpθ, tq|dθ “ ςi
ż bi
ai
fpθ, tqdθ ` Ciptq .
Once we prove that each function Ci is C
1 at a neighborhood of 0, we will conclude
that so are the functions A and IK .
For definiteness, consider the case where G2pτiq ă 0 (i.e. ςi “ ´1) and ftpτi, 0q ą
0; the other three cases are analogous. For each t sufficiently close to zero, consider
the equation fpθ, tq “ 0 for θ P Vi: it has no solution for t ą 0, exactly one solution
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τi for t “ 0, and exactly two solutions τ´i ptq ă τ`i ptq for t ă 0. Then the correction
term is:
Ciptq “
ż bi
ai
“|fpθ, tq| ` fpθ, tq‰dθ “
$’&’%2
ż τ`i ptq
τ´i ptq
fpθ, tqdθ if t ă 0,
0 if t ě 0.
For t ă 0 close to 0, the width τ`i ptq ´ τ´i ptq is Op|t|1{2q, and so Ciptq “ Op|t|3{2q.
In particular, C 1ip0q “ 0. Still assuming t ă 0 close to 0, by Leibniz integral rule we
have:
1
2
C 1iptq “
ż τ`i ptq
τ´i ptq
ftpθ, tqdθ ` fpτ`i ptq, tqlooooomooooon
0
¨pτ`i q1ptq ´ fpτ´i ptq, tqlooooomooooon
0
¨pτ´i q1ptq ,
which tends to 0 as t Õ 0. Hence Ci is a function of class C1, as we wanted to
show. 
The proof also shows that formula (2.1) still holds in the situation of Proposi-
tion 2.2, but we will not use this fact.
2.2. The key proposition.
Proposition 2.3. For every ε ą 0 there exists δ ą 0 with the following properties.
Suppose that K Ă R2 is a centrally symmetric convex body whose boundary BK is
transverse to the unit circle BE0, and
(2.7) ε ď |K X E0| ď mintpi, |K|u ´ ε .
Then:
(2.8) max
 |I 1Kp0q|,´I2Kp0q( ą δ ,
The proof of the Proposition 2.3 occupies the rest of this section. Fix the convex
body K as above, and write I “ IK .
2.3. Geometric inequalities. Let us establish some preliminary inequalities.
It is convenient to reparameterize the sequence pξjq differently. For each i P
t1, . . . , nu, let:
(2.9) σi :“ ξ2i ` ξ2i´1 , ωi :“ ξ2i ´ ξ2i´1 .
So σi`n “ σi ` 2pi, ωi`n “ ωi, and 0 ă ωi ă pi.
Lemma 2.4. For each i we have maxtα2i´1, α2iu ď 12ωi.
Proof. Fig. 3 shows how to bound α2i. The bound for α2i´1 is analogous. 
Next, we want some bounds on the parameters ωi. Shifting indices if necessary,
we assume that
ω1 “ maxtω1, ω2, . . . , ωnu.
If n ě 2, we fix s P t2, . . . , nu such that ωs “ maxtω2, . . . , ωnu. Note that řni“1 ωi ă
pi and in particular
(2.10) ωs ă pi ´ ω1 ď pi2 .
The following lemma uses hypothesis (2.7) from Proposition 2.3, namely that
Ip0q “ |K X E0| is not too close to 0 nor to mintpi, |K|u.
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α2i ζ2i-1ζ2i
2α2i
Figure 3. Proof of Lemma 2.4.
Lemma 2.5. For every ε ą 0 there exists κ ą 0, not depending on K, such that if
ε ď Ip0q ď mintpi, |K|u ´ ε then:
(2.11) κ ă ω1 ă pi ´ κ
and, if n ě 2,
(2.12) ωs ă pi
2
´ κ .
Proof. Note that K contains the disk of radius cos 12ω1 centered at the origin (see
Fig. 4), and in particular Ip0q ě pi cos2 12ω1. By assumption, Ip0q ď pi ´ ε, and so
ω1 cannot be too small, proving the first inequality in (2.11).
Now consider (2.12): if this inequality does not hold then, by (2.10), both ω1 and
ωs are approximately
pi
2 . Then K r E0 is contained in the union of the four small
regions represented in Fig. 5. This contradicts the fact that |KrE0| “ |K|´Ip0q ě
ε is not too small.
�K
ω1
Figure 4. Proof of
the first inequality
in (2.11).
ωs
ωs
ω1 ω1
Figure 5. Proof of (2.12).
The second inequality in (2.11) is the trickiest one. Let L1 (resp. L2) be the
tangent line to BK at the point ζ1 (resp. ζ2n`2), oriented so that K sits to the
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left of this line. The lines L1 and L2 cross the circle BE0 forming angles α1 and
α2n`2 “ α2, respectively. Let Ri be the part of the disk E0 to the right of the line
Li: see Fig. 6.
R1
G
R2
-G
γ
γ
ω
1
1
-z
z
ζ1
ζ2
α1
α2
α
ζ2n+1
ζ2n+2
α2
L1
L2
Figure 6. Proof of the second inequality in (2.11).
The regions R1 and R2 are disjoint and their interiors are contained in E0 rK.
In particular,
|R1|` |R2| ď |E0 rK| “ pi ´ Ip0q ď pi ´ ε.
So the areas |R1| and |R2| cannot be both too close to pi2 . On the other hand, these
areas are related to the crossing angles αi as follows:
|Ri| “ αi ´ 12 sin 2αi .
Therefore the angles α1 and α2 cannot be both too close to
pi
2 . By Lemma 2.4,
we have maxtα1, α2u ď 12ω1, and in particular the quantity γ – ω1 ´ α1 ´ α2
is nonnegative. If γ is zero or small then ω1 is not too close to pi, as desired.
So assume from now on that γ is not too close to 0. Then the lines L1 and L2
cannot be parallel; indeed they cross forming angle γ at some point z. Recall that
the centrally symmetric convex body K sits to the left of each oriented line L1
and L2; furthermore, the arc of the counterclockwise-oriented Jordan curve BK
from ζ1 to ζ2 is contained in the disk E0. It follows from these observations that
K Ď E0 YGY p´Gq, where G is the (filled) triangle with vertices ζ1, ζ2n`2, z. In
particular,
2|G| “ |GY p´Gq| ě |K r E0| “ pi ´ Ip0q ě ε ,
Note that the triangle G has a side rζ1, ζ2n`2s of length `– 2 cos 12ω1, and therefore
its area cannot exceed the area of an isosceles triangle with angle γ and opposite
side `, that is,
|G| ď 14`2 cot γ2 .
Since γ and |G| ě ε2 are bounded away from 0, so is `. It follows that ω1 cannot
be too close to pi. This completes the proof of the second inequality in (2.11) and
of the lemma. 
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2.4. More manipulation of the derivatives. We will now come back to the for-
mulas obtained in Proposition 2.1 and rewrite them in terms of the new parameters
(2.9); we will also use Lemma 2.4 to obtain a convenient lower bound for minus the
second derivative.
Lemma 2.6.
I 1p0q “
nÿ
i“1
sinωi cosσi ,(2.13)
´I2p0q ě
nÿ
i“1
“
sinωi sin
2 σi ` pcot 12ωi ´ sinωiq cos2 σi
‰
.(2.14)
Proof. We can rewrite (2.1) as
I 1p0q “ 1
2
nÿ
i“1
psin 2ξ2i ´ sin 2ξ2i´1q ,
so (2.13) follows from the identity
sinx´ sin y “ 2 sin x´ y
2
cos
x` y
2
(together with the definitions (2.9)). Analogously, rewriting (2.2) as
´I2p0q “ 1
4
nÿ
i“1
„
sin 4ξ2i ´ sin 4ξ2i´1 ` 1` cos 4ξ2i
tanα2i
` 1` cos 4ξ2i´1
tanα2i´1

.
By Lemma 2.4, maxpα2i, α2i´1q ď 12ωi. So, using the identity
cosx` cos y “ 2 cos x´ y
2
cos
x` y
2
we obtain:
´I2p0q ě 1
2
nÿ
i“1
”
sin 2ωi cos 2σi ` cot 12ωi
´
1` cos 2ωi cos 2σi
¯ı
.
Let us manipulate the quantity between square brackets. For simplicity of writing,
we omit the i indices:
r. . . s “ sin 2ωlomon
2 sinω cosω
cos 2σ ` cot 12ω
”
p´1` cos 2ωqlooooooomooooooon
´2 sin2 ω
cos 2σ ` p1` cos 2σqloooooomoooooon
2 cos2 σ
ı
“ 2 sinω
´
cosω ´ cot 12ω sinω
¯looooooooooooomooooooooooooon
1
cos 2σloomoon
cos2 σ´sin2 σ
` 2 cot 12ω cos2 σ
“ 2 sinω sin2 σ ` 2 `cot 12ω ´ sinω˘ cos2 σ ,
yielding (2.14). 
2.5. Proof of the key Proposition 2.3. The proof is a case-by-case analysis; in
most of the cases we will show that I2p0q is negative and away from zero, but in a
few cases the conclusion is that I 1p0q is away from zero. All the estimates on those
derivatives will be obtained from Lemma 2.6, which will not be explicitly mentioned
each time. All estimates are explicit and ultimately we will obtain a lower bound
for maxt|I 1p0q|,´I2p0qu that depends only on κ from Lemma 2.5, and therefore is
a function of ε which is independent of K.
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Let us introduce some notation:
fpωq :“ cot 12ω ´ sinω “ cotω ´ cscω ´ sinω ,
gpω, σq :“ sinω sin2 σ ` fpωq cos2 σ .
So the fundamental inequality (2.14) can be rewritten as:
(2.15) ´ I2p0q ě
nÿ
i“1
gpωi, σiq .
Note that gpω, σq is a convex combination of the two functions sinω and fpωq,
which are plotted in Fig. 7. We will use this fact repeatedly to obtain bounds.
Note that the abscissa of the crossing between the two graphs is pi3 , that min g “
min f ą ´0.31, and that
(2.16) fpωq ě ´ 12 sinω @ω P p0, piq .
Recall that ω1 is the biggest of all angles ωi’s and so it is the only angle that can
be bigger than pi2 ; therefore the sum in (2.15) contains at most one negative term.
2.24 pipi/2pi/3 2pi/30
-0.3
1
Figure 7. Plot of the functions sin and f .
Case 1. | cosσ1| ď 0.8. Then:
´I2p0q ě gpω1, σ1q
“ sinω1 sin2 σ1 ` fpω1q cos2 σ1
ě sinω1
`
sin2 σ1 ´ 12 cos2 σ1
˘
(by (2.16))
ě sinω1
`
0.36´ 120.64
˘
ě 0.02 sinκ (by the first inequality in (2.11))
ą 0 .
In the remaining cases, we assume | cosσ1| ą 0.8 .
Case 2. n “ 1. Then, by the first inequality in (2.11),
|I 1p0q| “ sinω1| cosσ1| ą 0.8 sinκ ą 0 .
In the remaining cases, we assume n ě 2 .
14 JAIRO BOCHI
Case 3. ω1 ď 3pi8 . Then, by the first inequality in (2.11),
´I2p0q ě gpω1, σ1q ě min
 
sinω1, fpω1q
(ě min sinκ, fp 3pi8 q(ą 0 .
In the remaining cases, we assume ω1 ą 3pi8 . Recall from Subsection 2.3 that
ωs is the second biggest of the ωi’s.
Case 4. ωs ě pi3 . So:
´I2p0q ě gpω1, σ1q ` gpωs, σsq
ě fpω1q ` fpωsq (since ω1 ě ωs ě pi3 )
Now, ω1 ă pi ´ ωs ď 2pi3 and the function f is decreasing on the interval p0, 2pi3 s
(actually, it is decreasing on a slightly bigger interval), so:
´I2p0q ě fppi ´ ωsq ` fpωsq “ 2pcsc´ sinqpωsq.
Now, using (2.12) we obtain:
´I2p0q ě 2pcsc´ sinqppi2 ´ κq ą 0
and we are done in this case.
In the remaining cases, we assume ωs ă pi3 . Define the following numbers:
κ1 :“ 0.1 sinκ ,
Λ :“ max  ´ gpω1, σ1q, 0(` κ1 ,
Σ :“
nÿ
i“2
gpωi, σiq .
Case 5. Σ ě Λ. Then:
´I2p0q “ Σ` gpω1, σ1q
ě Σ` κ1 ´ Λ
ě κ1
and we are done.
In the final and most interesting case, we assume Σ ă Λ .
Case 6. Let us establish two upper estimates for Λ; the first one is:
(2.17) Λ ď maxp´gq ` κ1 ă 0.31` κ1 ă 0.41 ,
and the second one is:
Λ ď ´gpω1, σ1q ` κ1
ď ´fpω1q ` κ1 (since ω1 ą 3pi8 ą pi3 )
ď 12 sinω1 ` κ1 (by (2.16)).(2.18)
Define:
∆ :“ arcsin Λ,
which by (2.17), satisfies ∆ ă 0.43.
Note that:
sin ∆ “ Λ ą Σ ě gpωs, σsq ě sinωs (since ωs ă pi3 ),
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that is, ωs ď ∆ .
Let ϕpωq :“ fpωq ´ sinpωq. We can rewrite Σ as:
Σ “
nÿ
i“2
“
sinωi ` ϕpωiq cos2 σi
‰
.
Since ωs ď ∆ ă pi3 and the function ϕ is positive and decreasing on the intervalp0, pi3 q, the assumption Σ ă Λ yields two other inequalities:
nÿ
i“2
sinωi ă Λ ,
nÿ
i“2
cos2 σi ă Λ
ϕp∆q .
So, on one hand,
nÿ
i“2
sin2 ωi ď sinωs
nÿ
i“2
sinωi ď Λ2 .
On the other hand, recalling that Λ “ sin ∆ and ϕp∆q “ cot ∆` csc ∆´ 2 sin ∆,
nÿ
i“2
cos2 σi ă Λ
ϕp∆q “
Λ2
cos ∆` 1´ 2 sin2 ∆ ď
Λ2
cos 0.43` 1´ 2 sin2 0.43 ă 0.65Λ
2 .
By Cauchy–Schwarz inequality,ˇˇˇˇ
ˇ nÿ
i“2
sinωi cosσi
ˇˇˇˇ
ˇ ď
gffe nÿ
i“2
sin2 ωi ˆ
nÿ
i“2
cos2 σi ă
a
Λ2 ˆ 0.65Λ2 ă 0.81Λ2 ă Λ .
This inequality together with (2.18) allows us to show that A1p0q is not too close
to zero:
|I 1p0q| ě ˇˇsinω1 cosσ1 ˇˇ´
ˇˇˇˇ
ˇ nÿ
i“2
sinωi cosσi
ˇˇˇˇ
ˇ
ě 0.8 sinω1 ´ Λ
ě 0.3 sinω1 ´ κ1
ě 0.2 sinκ
ą 0 .
This concludes the proof of Proposition 2.3.
3. Proof of the quasiconcavity Theorem 1.4
3.1. Setting up the proof. Let us say that a centrally symmetric body K P C2
is regular if it satisfies the following conditions:
(a) the boundary BK is a C2 curve;
(b) there is a finite set T Ă R such that for every t P RrT , the curves BK and
BEt are transverse;
(c) for every t P R, the curves BK and BEt are quasitransverse, and the points of
(necessarily quadratic) tangency do not belong to the envelope hyperbolas
xy “ ˘1{2 of the family of curves pBEtqtPR.
We will prove that regularity is dense in C2; actually we will show more:
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Proposition 3.1 (Regularization). For every K P C2 and every ε ą 0 there exists
a regular K˜ P C2 such that |K˜| “ |K| and dsympK˜,Kq ă ε.
On the other hand, using Propositions 2.1 to 2.3 one can check that Theorem 1.4
holds for regular convex bodies in C2pi, that is, the associated intersection functions
are strictly quasiconcave. Actually, the uniformity provided by Proposition 2.3 will
allow us to prove a more precise property:
Proposition 3.2 (Quantitative quasiconcavity). Given ε ą 0 and r ą 0, there
exists η ą 0 with the following properties. For every regular K P C2pi, if t0, t1,
t2 P R are such that:
t0 ` r ď t1 ď t2 ´ r and 2ε ď IKpt1q ď maxtpi, |K|u ´ 2ε ,
then:
IKpt1q ą mintIKpt0q, IKpt2qu ` η .
Let us postpone the proofs of Propositions 3.1 and 3.2, and use them to deduce
the theorem:
Proof of Theorem 1.4. Fix K P C2pi and arbitrary numbers t0 ă t1 ă t2. Let
r :“ min  t1 ´ t0, t2 ´ t1( and ε :“ 13 min  IKpt1q,maxtpi, |K|u ´ IKpt1q( .
Let η “ ηpε, rq be given by Proposition 3.2. Reducing η if necessary, we assume
0 ă η ď 4ε. By Proposition 3.1, there exists a regular body K˜ P C2 with the same
area as K such that dsympK˜,Kq ă η2 . Recalling that C2pi is open in C2, we can
assume that K˜ P C2pi. As a consequence of relation (1.2), for every t P R we haveˇˇ
IK˜ptq ´ IKptq
ˇˇ ă η4 ď ε. In particular,
IK˜pt1q ě IKpt1q ´ ε ě 3ε´ 2ε ,
IK˜pt1q ď IKpt1q ` ε ď maxtpi, |K˜|u ´ 3ε` ε .
This allows us to apply Proposition 3.2 to the convex body K˜ and obtain IK˜pt1q ě
mintIK˜pt0q, IK˜pt1qu`η. It immediately follows that IKpt1q ě mintIKpt0q, IKpt1qu`
η
2 . This proves that the function IK is quasiconcave. 
3.2. Proof of the regularization Proposition 3.1. Let P1 denote the projective
space of R2, i.e. the set of all lines through the origin. Let rvs P P1 denote the line
determined by a nonzero vector v P R2˚.
If Γ Ă R2 is any smooth 1-dimensional submanifold, denote by Γˆ Ă R2 ˆ P1 the
set of pairs pu, rvsq such that u P Γ and v is tangent to Γ at u. Define the following
sets:
Z1 :“ Hˆ where H is the pair of hyperbolas xy “ ˘1{2;
Z2 :“
ď
tPR
yBEt where Et are the ellipses (1.3).
The latter union is disjoint, because any two distinct ellipses in our family have
transverse boundaries.
Lemma 3.3. Z1 and Z2 are closed smooth submanifolds of R
2 ˆ P1 of respective
dimensions 1 and 2, and Z1 Ă Z2.
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The lemma is intuitively clear, but for completeness we provide a proof at the
end of this subsection.
Let T :“ R{2piZ, the additive group of real numbers mod 2pi. A regular parametriza-
tion of a smooth Jordan curve Γ Ă R2 is a map g : T Ñ R2 that is a smooth dif-
feomorphism onto Γ. In that case, let gˆ : T Ñ R2 ˆ P1 denote the map gˆpθq :“
pgpθq, rg1pθqsq, which is a smooth diffeomorphism onto Γˆ.
Lemma 3.4. Suppose K P C2 has smooth boundary, and g : T Ñ R2 is a regular
parametrization of it. If gˆ is transverse to both submanifolds Z1 and Z2 then the
body K is regular.
Proof. Let K P C2 and suppose that BK has a regular parametrization g such that
gˆ is transverse to both Z1 and Z2. The first regularity condition (a) is automatic:
the boundary BK is actually smooth.
Since the ambient space R2 ˆ P1 is 3-dimensional, transversality implies that
there are finitely many (if any) parameters θi such that the point gˆpθiq belongs to
the surface Z2. Each of these points belongs to a unique curve zBEti . Let T Ă R be
the set of the ti’s. If t R T then the image of gˆ does not intersect the curve yBEt,
which means that the plane curves BK and BEt are transverse. This shows that K
meets regularity condition (b).
On the other hand, for each i, the plane curves BK and BEt are tangent at the
point gpθiq. Suppose for a contradiction that this tangency is not quadratic, i.e., the
curves have a second-order contact. Choose a regular parametrization hi : TÑ R2
of BEti such that hˆipθiq “ gˆpθiq. Then parameterized curves gˆ and hˆi have a first-
order contact (i.e. are tangent) at parameter θ0. Since hˆi is an immersion whose
image is contained in the surface Z2, we conclude that gˆ is not transverse to Z2,
which is a contradiction. We have shown that the the tangencies between the plane
curves BK and BEti are all quadratic, i.e., the curves are quasitranverse.
Furthermore, the fact that the mapping gˆ is transverse to the 1-dimensional sub-
manifold Z1 Ă Z2 means that its image does not intersect Z1. That is, all tangency
points gpθiq are outside the forbidden hyperbolas xy “ ˘1{2. This concludes the
proof that the body K is regular. 
Proposition 3.5. If K P C2 has smooth boundary then there is an open dense
subset U of SLp2,Rq such that if L P U then the body LK is regular.
Proof. Let Y Ă R2 ˆ P1 be the set of pairs pu, rvsq such that u and v are linearly
independent. Note that Z1, Z2 are subsets of Y . The group SLp2,Rq acts on Y
in the obvious way: Lpu, rvsq “ pLu, rLvsq. This action is smooth, transitive, and
faithful; in particular SLp2,Rq and Y are diffeomorphic.
Let g : TÑ R2 be a regular parametrization of BK. Since K is centrally symmet-
ric, gˆ takes values in Y . The map f : TˆSLp2,Rq Ñ Y defined by fpθ, Lq :“ Lgˆpθq
is a submersion. Therefore, by the transversality theorem [12, p. 68] (or see [14,
Theorem 2.7] for a more precise version), the set U Ă SLp2,Rq formed by those L
such that fp¨, Lq : TˆSLp2,Rq Ñ Y is transverse to Z1 and to Z2 is open and dense
in SLp2,Rq. Take L P U . Noting that fp¨, Lq “ zL ˝ g, it follows from Lemma 3.4
that the body LK is regular. 
The previous proposition implies the result we are looking for:
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Proof of Proposition 3.1. Given K P C2, we initially perturb it so that the area
is unchanged and the boundary becomes smooth: for example, we can take an
inscribed polygon, smoothen the corners, and inflate it to recover the area. C2pi is
open in C2. Then by Proposition 3.5 we can apply a element of SLp2,Rq close to
the identity and so obtain the desired regular body approximating K. 
Finally, we check that Z1 and Z2 are indeed submanifolds.
Proof of Lemma 3.3. The QR decomposition comes in handy: there is a diffeomor-
phism Φ: Rˆ Rˆ TÑ SLp2,Rq given by:
Φpτ, ρ, ξq :“
ˆ
e´τ{2 ρ
0 eτ{2
˙ˆ
cos ξ ´ sin ξ
sin ξ cos ξ
˙
.
Changing coordinates under Φ, the left action of the diagonal subgroup corresponds
to translation of the first coordinate.
Let Y be as in the proof of Proposition 3.5. Define a diffeomorphism Ψ: SLp2,Rq Ñ
Y by ΨpLq :“ pLe1, rLe2sq, where te1, e2u is the canonical basis of R2. So the map
Ψ ˝ Φ allows us to put global coordinates pt, ρ, ξq on Y .
Note that, in the coordinates just described, yBE0 is given by equations t “ 0,
ρ “ 0. So, applying the diagonal subgroup, we conclude that Z2 is the surface
ρ “ 0. Analogously, Z1 corresponds to ρ “ 0 and ξ P
 ˘ pi4 ,˘ 3pi4 (. This proves
Lemma 3.3. 
3.3. Proof of the quantitative quasiconcavity Proposition 3.2. Let us begin
by collecting the more direct consequences of Propositions 2.1 to 2.3 in the following:
Lemma 3.6. Let K P C2pi be regular, and let T Ă R be the corresponding (finite) set
of tangency parameters. Then the intersection function I “ IK has the following
properties:
(a) I is of class C1.
(b) The restriction of I to the set Rr T is of class C2.
(c) For every t P Rr T and ε ą 0 we have:
ε ď Iptq ď mintpi, |K|u ´ ε ñ max  |I 1ptq|,´I2ptq( ą δpεq ,
where δp¨q is the function from Proposition 2.3.
(d) I has a unique critical point t˚.
(e) I is increasing on p´8, t˚s and decreasing on rt˚,`8q.
Proof. Fix a regularK P C2pi. Consider the one-parameter subgroup Lt :“
´
e´t{2 0
0 et{2
¯
of SLp2,Rq. Then LtpEsq “ Et`s and therefore intersection functions of the images
of K under the subgroup are identical up to translations:
IKpt` sq “ IL´tKpsq .
Also note that regularity is invariant under the action of the subgroup. The regu-
larity property (b) guarantees that K fulfills the hypothesis of Proposition 2.2 and
therefore the function IK is C
1 on a neighborhood of 0. By invariance, IK is C
1
on the whole line, which is statement (a) of the lemma. Similarly, bearing in mind
regularity property (b), we see that Proposition 2.1 implies that IK is C
2 on the set
RrT , which is statement (b), and that Proposition 2.3 implies that the derivatives
of IK satisfy the bounds stated in (c).
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The function IK obeys the inequalities 0 ă IK ă mintpi, |K|u on the whole
line; the second inequality is a consequence of the assumption that K P C2pi. Since
the function IK vanishes at ˘8, it has critical points. Let t˚ be one of these.
On the one hand, if t˚ R T then IK is actually C2 on a neighborhood V of t˚
and I2Kpt˚q ă 0 there. So, reducing the neighborhood V if necessary, the function
I 1K becomes decreasing on V . On the other hand, if t˚ P T then we can find a
neighborhood V of t˚ such that IK is C2 on V r tt˚u and I2K ă 0 there. So the
function I 1K is decreasing on V r tt˚u, and since it is continuous, it is actually
decreasing on V .
We have shown that every critical point of IK is isolated and is a local maximum.
Therefore the critical point, which exists, is unique, proving statement (d). We
have also seen that the critical point is a local maximum, and so statement (e)
follows. 
Proof of Proposition 3.2. Let ε ą 0 and r ą 0 be given. Without loss of generality,
we assume r ď 1. Let δ “ δpεq ą 0 be given by Proposition 2.3 and let η :“
min
 
ε, 12δr
2
(
. Fix a regular K P C2pi and for simplicity write I :“ IK and b :“
mintpi, |K|u. Fix the three numbers t0 ă t1 ă t2 satisfying the assumptions, namely
t1 P rt0 ` r, t2 ´ rs and Ipt1q P r2ε, b ´ 2εs. We suppose that t1 ě t˚, where t˚ is
the critical point of I, the other case being analogous. Since Ipt2q ď Ipt1 ` rq, it is
sufficient to prove that:
Ipt1 ` rq ď Ipt1q ´ η .
This clearly holds if Ipt1 ` rq ă ε, so assume that Ipt1 ` rq ě ε.
Next, suppose I 1 ď ´δ over the interval J :“ rt1, t1 ` rs. Then, by the Mean
Value Theorem, Ipt1 ` rq ´ Ipt1q ď ´δr ă ´η, completing the proof in this case.
So assume that I 1 ą ´δ somewhere on J .
Note that I 1 ď 0 and ε ď I ď b´ 2ε on the interval J . It follows from part c of
Lemma 3.6 that maxt´I 1ptq,´I2ptqu ą δ for every t P J except a finite number of
points where the second derivative may not be defined. So I 1 is decreasing on the
set S – tt P J ; I 1ptq ą ´δu, which is nonempty by assumption. It follows that S
must be an interval with left endpoint t1. Let s be the right endpoint. Then:
t P rt1, ss ñ I 1ptq “ I 1pt1qlomon
ď0
`
ż t
t1
I2puqlomon
ă´δ
du ď ´δpt´ t1q ,
while
t P rs, t1 ` rs ñ I 1ptq ď ´δ ď ´δpt´ t1q as well
(using that r ď 1). So:
Ipt1 ` rq ´ Ipt1q ď
ż t1`r
t1
´δpt´ t1qdt “ ´ 12δr2 ď ´η ,
as we wanted to show. 
As explained in Subsection 3.1, Theorem 1.4 follows.
3.4. An extension of Theorem 1.4. The intersection function IK of any K P C2
is always bounded by the value mintpi, |K|u. If K R C2pi then IK may have a plateau
at this value and therefore may fail to be strictly quasiconcave. Therefore the
assumption K P C2pi cannot be removed altogether from Theorem 1.4. On the other
hand, this assumption is only used to guarantee that IK ă mintpi, |K|u everywhere.
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In fact, it is straightforward to modify the proof of Theorem 1.4 and obtain the
following result:
Theorem 3.7. Let K P C2. Let J Ď R be an interval such that IKptq ă maxtpi, |K|u
for every t P J . Then the restriction of IK to J is a strictly quasiconcave function.
4. Discarding ellipses with displaced centers: Proof of Lemma 1.3
Let us finally prove Lemma 1.3, which, as seen in the introduction, allows us to
deduce the uniqueness Theorem 1.2 from Theorem 1.4. We rely on the following
result, which is essentially a corollary of the Brunn–Minkowski inequality and holds
in arbitrary dimension:
Proposition 4.1 (Zalgaller [20]). Let K1, K2 Ă Rd be convex bodies. Let M be
the set of v P Rd that maximize of the volume of K1 X pK2 ` vq. Then M is a
nonempty compact convex set, and the sets K1X pK2` vq with v PM are identical
up to translation.
Proof of Lemma 1.3. Let K Ă R2 be a centrally symmetric convex body. For
a contradiction, suppose that K admits an MI ellipse with area λ in the range
|JK | ă λ ă |LK | which is not centrally symmetric, and write it as E ` v0, where E
is centrally symmetric and v0 ‰ 0. Applying an appropriate linear map if necessary,
we can assume that E is the unit disk E0 and that v0 is horizontal, i.e. v0 “ pε0, 0q.
Let M Q v0 be the set of v P R2 such that that maximize |K X pE0 ` vq| “
|pK ´ vq X E0|, which by Proposition 4.1 is compact and convex. Since K and E0
are centrally symmetric, so is M . In particular, 0 PM and E0 is also an MI ellipse
for K.
The proposition also says that for each v PM the set pK` vqXE0 is a translate
of K X E0, say pK X E0q ` u. Consider some z P K X BE0 (which exists since
K Ę E0). Then both points z ` u and ´z ` u belong to E0, which forces u “ 0.
We have shown that the sets pK ` vq X E0 with v P M are actually identical: no
translation is needed.
Since M contains the segment r´v0, v0s, for every z P K X E0, the intersection
of the segment z ` r´v0, v0s with E0 is contained in K. By overlapping such
segments, we conclude that the intersection of the line z`Rv0 with E0 is contained
in K. This property implies that K X E0 equals S X E0, where S “ R ˆ r´b, bs
is a strip in the plane. Since E0 Ę K, we must have 0 ă b ă 1. Using that
K X pE0˘ v0q “ pK XE0q ˘ v0, we conclude that there is a neighborhood V of the
unit disk E0 such that V XK “ V X S. In particular, BK is transverse to the unit
circle BE0 and there are 4 crossings, namely p˘
?
1´ b2,˘bq. Therefore we may
apply Proposition 2.1, and conclude that if ξ1 :“ arcsin b then I 1Kp0q “ sin 2ξ1 ą 0.
So for sufficiently small t ą 0, the set E´t X K has a bigger area than E0 X K,
which contradicts the fact that E0 is an MI ellipse for K. 
5. Analysis of maximum intersection positions
5.1. Characterization of MI positions for the transverse case. Recall from
Section 2 that two Jordan curves in the plane are called transverse if each of them
is of class C1 at a neighborhood of each point of intersection, and that these inter-
sections are transverse in the usual sense.
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Theorem 5.1. Let K Ă R2 is a compact convex centrally symmetric set whose
boundary BK is transverse to the unit circle S1. Let ζ1, . . . , ζ4n be the points of
intersection, cyclically ordered. Then K is in MI position if and only if
(5.1)
ÿ
j odd
ζ2j “
ÿ
j even
ζ2j ,
where we identify R2 and C in the usual way.
Proof. Write ζj “ eiξj . If K is in MI position then the derivative given by formula
(2.1) vanishes; moreover, the same is true if we apply a rotation to K, i.e., replace
each ξj by ξj ` φ. Therefore:
2nÿ
j“1
p´1qj sin 2pξj ` φq “ 0 for all φ P R .
Using a trigonometric identity, we see that the latter condition is equivalent to:
2nÿ
j“1
p´1qj cos 2ξj “
2nÿ
j“1
p´1qj sin 2ξj “ 0 ,
which is condition (5.1).
Conversely, suppose that condition (5.1) holds. Then, reversing the arguments
above, we obtain that for every φ P R, the intersection function of the rotated
convex body eiφK is C1 and its derivative at t “ 0 vanishes. Furthermore, by
Proposition 2.3, the second derivative is also defined and is negative. Hence, among
centrally symmetric ellipses of area pi, the unit disk E0 attains a local maximum for
the area of intersection with K. If we knew that K P C2pi (and therefore eiφK P C2pi
for every φ) then we could apply the strict quasiconcavity Theorem 1.4 and conclude
that this local maximum is the global maximum, that is, K is in MI position. In
order to conclude the proof we will show that K P C2pi, that is, |JK | ă pi ă |LK |.
Suppose for a contradiction that the John ellipse JK has area ě pi. Since JK is
centrally symmetric, it follows that K contains a centrally symmetric ellipse E of
area pi. This ellipse E cannot be the disk E0 since we are assuming that K and E0
have transverse boundaries. Applying a rotation if necessary, we can assume that
E “ Et˚ for some t˚ ą 0. Then the intersection function IK satisfies IKpt˚q “ pi.
Reducing t˚ if necessary, we can assume that IKptq ă pi for all t in the interval
J :“ r0, t˚q. As seen before, the function IK attains a local maximum at 0. It
follows the function IK attains a local minimum somewhere in the interior of J .
This contradicts Theorem 3.7. Therefore |JK | ď pi. A similar reasoning proves that
|LK | ě pi. So K P C2pi, as claimed, and the theorem follows. 
Proposition 1.6 is actually a corollary:
Proof of Proposition 1.6. Suppose that K is MI position with boundary transverse
to the unit circle and intersecting it at the points ζ1, . . . , ζ4n, listed in counter-
clockwise order. Note that ζj`2n “ ´ζj .
If n “ 1 then by (5.1) we would have ζ21 “ ζ22 , i.e., ζ1 and ζ2 are antipodal;
absurd. This proves part (a).
Now suppose n “ 2. We want to prove that ζj`2 “ iζj . Condition (5.1) becomes:
ζ21 ` ζ23 “ ζ22 ` ζ24 .
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So we must prove that both sides of this equation vanish. Suppose that is not the
case. Observe that a pair of non-antipodal points in the unit circle is uniquely deter-
mined (modulo permutation) by their midpoint. Therefore tζ21 , ζ23u “ tζ22 , ζ24u. But
ζ21 , ζ
2
2 , ζ
2
3 , ζ
2
4 are distinct (and cyclically ordered). We have reached a contradiction.
This proves part (b). 
5.2. Comparison with the classical characterization of John position. Let
µ be a positive (and nonzero) Borel measure on the unit sphere Sd´1. We say that
µ is balanced if ż
Sd´1
udµpuq “ 0 ,
that is, the center of mass of µ is the origin. We say that µ is isotropic if, for some
c ą 0,
@v P Rd ,
ż
Sd´1
xu, vy2 dµpuq “ c}v}2
(where }¨} denotes euclidian norm), that is, the inertia ellipsoid of µ with respect
to the origin is round. One necessarily has c “ 1dµpSd´1q. See e.g. [18, § 10.13] for
several uses of isotropic measures in convex geometry.
We say that a convex body in K Ă Rd is in John position if its John ellipsoid is
the euclidian unit ball. The following theorem is well-known:
Theorem 5.2 (John). If a convex body K Ă Rd is in John position then there
exists a balanced isotropic measure supported on Sd´1 X BK.
Here we prove a similar result for the planar MI position:
Proposition 5.3. If a centrally symmetric body K Ă R2 is in MI position then
there exists a balanced isotropic measure supported on S1 X BK.
See the paper [1] for another result on the existence of balanced isotropic mea-
sures for bodies in MI position, under certain generic assumptions, and without
restriction on dimension.
Proof of Proposition 5.3. It suffices to consider the case of BK transverse to S1; the
general case then follows by perturbation and using the fact that balanced isotropic
measures form a weakly-˚-closed set.
Let ζ1, . . . , ζ4n be the points in S
1 X BK, cyclically ordered. Note that ζj`2n “
´ζj .
We claim that the convex hull of the points ζ2j contains the origin. If not, there
exists a line L Ă R2 through the origin such that all points ζ2j belong to the same
connected component of R2 Ă L. Let P : R2 Ñ L be the orthogonal projection onto
L. Since the points ζ21 , . . . , ζ
2
2n P S1 are distinct, their projections z1 :“ P pζ21 q,
. . . , z2n :“ P pζ22nq are distinct. Color each zj red or blue depending on whether j
is odd or even. Since the points ζ21 , . . . , ζ
2
2n P S1 are cyclically ordered, the colors
of the points z1, . . . , z2n P L alternate. In particular, equation (5.1) cannot hold,
since the two sums have different projections. By Theorem 5.1, the set K is not
in MI position. This contradicts the assumption, and therefore we proved that the
convex hull of the points ζ2j contains the origin.
Hence there exist weights p1, . . . , p4n ě 0 such that řj pj “ 1 and řj pjζ2j “ 0.
Since ζ2j`2n “ ζ2j , we can assume that the weights satisfy pj`2n “ pj (indices taken
mod 4n). Then the measure on S1 X BK defined by µ :“ řj pjδζj is balanced. Let
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us check that µ is isotropic. Note that the (real) euclidian inner product in C is
given by the formula xu, vy “ <puv¯q and so satisfies the identity:
xu, vy2 “ |u
2v2| ` xu2, v2y
2
.
Using this, we calculate, for arbitrary v P C,ż
S1
xu, vy2 dµpuq “
ÿ
j
pjxζj , vy2 “
ř
j pj
2
|v|2 ` 1
2
Ař
j pjζ
2
j , v
2
E
“ |v|
2
2
,
proving that µ is isotropic. 
Remark 5.4. The converse of Theorem 5.2 also holds, as shown by Ball [2]. However,
the converse of Proposition 5.3 is false. Indeed, fix any ε ‰ pi6 in the range 0 ă ε ă
pi
4 , and let Z be the set consisting of 12 points in the unit circle that is invariant
by a quarter turn and contains te´iε, 1, eiεu. Then the equidistributed probability
measure on Z is balanced and isotropic. Take a centrally symmetric convex body
K Ă R2 whose boundary BK is transverse to the unit circle S1 and intersects
it exactly on Z. Then condition (5.1) does not hold; indeed the two sums are
2´ 4 cos 2ε ‰ ´2` 4 cos 2ε. By Theorem 5.1, the set K is not in MI position.
6. Directions for future research
We pose a few questions:
6.1. Can the assumption of central symmetry be removed from the main Theo-
rem 1.2?
6.2. Given a (say, centrally symmetric) convex body K Ă R2, is there a unique
ellipse that best approximates it with respect to symmetric difference metric
(without constraining its area)?
6.3. The previous question for the normalized symmetric difference metric dnsym,
defined by (1.1).
6.4. Given an arbitrary K P C2pi, is the intersection function IK log-concave?
(See [1, § 4] for a stronger conjecture, motivation, and relations with known
results.)
Some of these questions are possibly accessible with the methods of this paper.
In any case, the investigation of the higher-dimensional versions of Theorems 1.2
and 1.4 and of the questions above will require new methods.
Acknowledgements. I thank Paula Porto for drawing most of the figures. I thank
W lodek Kuperberg for posing the problem that motivated this paper, for telling
me that ellipses with displaced centers could be discarded, for pointing to reference
[20], and for suggesting Question 6.3. I am grateful to the referees for corrections,
references, and criticism that allowed me to improve the paper significantly. I
particularly thank one of the referees for suggesting to go beyond Question 1.1
and to consider the full family of ellipses interpolating between John and Loewner
ellipses, and also for posing questions that led to the results presented in Section 5.
References
[1] Artstein-Avidan, S.; Katzin, D. – Isotropic measures and maximizing ellipsoids: Be-
tween John and Loewner. Preprint arXiv:1612.01128. To appear in Proc. Amer. Math. Soc.
doi:10.1090/proc/14180 (Cited on pages 2, 3, 22, and 23.)
24 JAIRO BOCHI
[2] Ball, Keith – Ellipsoids of maximal volume in convex bodies. Geom. Dedicata 41 (1992),
no. 2, 241–250. (Cited on page 23.)
[3] Ball, Keith – An elementary introduction to modern convex geometry. Flavors of geometry,
1–58, Math. Sci. Res. Inst. Publ., 31, Cambridge Univ. Press, Cambridge, 1997. (Cited on
page 2.)
[4] Bochi, Jairo – Structures induced by the symmetric difference metric. Note available at
www.mat.uc.cl/~jairo.bochi/docs/footprint.pdf (Cited on page 4.)
[5] Bronstein, E.M. – Approximation of convex sets by polyhedra. J. Math. Sci. (New York)
153 (2008), no. 6, 727–762. (Translation from the 2007 Russian original.) (Cited on page 2.)
[6] Dowker, C.H. – On minimum circumscribed polygons. Bull. Amer. Math. Soc. 50 (1944),
120–122. (Cited on page 2.)
[7] Eggleston, H.G. – Approximation to plane convex curves. I. Dowker-type theorems. Proc.
London Math. Soc. (3) 7 (1957), 351–377. (Cited on page 2.)
[8] Falconer, K.J. – The geometry of fractal sets. Cambridge Tracts in Mathematics, 85. Cam-
bridge University Press, Cambridge, 1986. (Cited on page 1.)
[9] Fejes To´th, La´szlo´ – Lagerungen in der Ebene, auf der Kugel und im Raum. Grundlehren
der Mathematischen Wissenschaften, 65. Springer-Verlag, Berlin-Go¨ttingen-Heidelberg, 1953.
(Cited on page 2.)
[10] Gruber, Peter M. – Aspects of approximation of convex bodies. Handbook of convex geom-
etry, Vol. A, 319–345, North-Holland, Amsterdam, 1993. (Cited on page 2.)
[11] Gruber, P.M.; Kenderov, P. – Approximation of convex bodies by polytopes. Rend. Circ.
Mat. Palermo (2) 31 (1982), no. 2, 195–225. (Cited on page 2.)
[12] Guillemin, V.; Pollack, A. – Differential topology. Prentice-Hall, Inc., Englewood Cliffs,
NJ, 1974. (Cited on page 17.)
[13] Henk, Martin – Lo¨wner-John ellipsoids. Doc. Math. 2012, Extra vol.: Optimization stories,
95–106. (Cited on page 2.)
[14] Hirsch, Morris W. – Differential topology. Corrected reprint of the 1976 original. Graduate
Texts in Mathematics, 33. Springer-Verlag, New York, 1994. (Cited on page 17.)
[15] Kuperberg, W lodek – Approximating a convex disk by an ellipse.
mathoverflow.net/questions/257862 (December, 2016) (Cited on page 2.)
[16] Ludwig, Monika – Asymptotic approximation of smooth convex bodies by general polytopes.
Mathematika 46 (1999), no. 1, 103–125. (Cited on page 2.)
[17] McClure, D.E.; Vitale, R.A. – Polygonal approximation of plane convex bodies. J. Math.
Anal. Appl. 51 (1975), no. 2, 326–358. (Cited on page 2.)
[18] Schneider, Rolf – Convex bodies: the Brunn-Minkowski theory. Second expanded edition.
Encyclopedia of Mathematics and its Applications, 151. Cambridge University Press, Cam-
bridge, 2014. (Cited on pages 2 and 22.)
[19] Shephard, G.C.; Webster, R.J. – Metrics for sets of convex bodies. Mathematika 12 (1965),
73–88. (Cited on page 1.)
[20] Zalgaller, V.A. – On intersections of convex bodies. J. Math. Sci. (New York) 104 (2001),
no. 4, 1255–1258. (Translation from the 1998 Russian original.) (Cited on pages 20 and 23.)
Web-page: www.mat.uc.cl/~jairo.bochi
E-mail address: jairo.bochi@mat.uc.cl
Facultad de Matema´ticas, Pontificia Universidad Cato´lica de Chile. Avenida Vicun˜a
Mackenna 4860, Santiago, Chile
